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ANALYSIS OF MPD ARCS WITH NONEQUILIBRIUM IONIZATION* 
R .  K .  S e a l s ,  J r . ,  and H .  A .  Hassan 
N o r t h  C a r o l i n a  S t a t e  U n i v e r s i t y  
R a l e i g h ,  Nor th  C a r o l i n a  
A b s t r a c t  
A q u a s i  one -d imens iona l  a n a l y s i s  o f  t h e  
MPD a r c  which t a k e s  i n t o  c o n s i d e r a t i o n  f i -  
n i t e  ra te  p r o c e s s e s  and allows f o r  a v a r i -  
a b l e  area is p r e s e n t e d .  S t a r t i n g  from low 
s u b s o n i c  v e l o c i t i e s  a t  t h e  e n t r a n c e ,  t h e  
g o v e r n i n g  e q u a t i o n s  a r e  i n t e g r a t e d  th rough  
t h e  t r a n s o n i c  r e g i o n  i n t o  t h e  s u p e r s o n i c  
r e g i o n  f o r  a n  a rgon  p r o p e l l a n t  a t  low mass 
f low r a t e s .  The r e s u l t s  show t h a t  t h e  
e l e c t r o n  t e m p e r a t u r e  i s  w e l l  p r e d i c t e d  by  
t h e  t h e o r y ;  however,  c a l c u l a t e d  v e l o c i t i e s  
are r o u g h l y  h a l f  t h e  measured v a l u e s .  The 
c u r r e n t  d e n s i t i e s  peak i n  t h e  neighborhood 
of t h e  c a t h o d e  t i p  and t h e y  do n o t  e x h i b i t  
any unusua l  f e a t u r e s  i n  t h e  t r a n s o n i c  re- 
g i o n .  Comparison o f  c a l c u l a t e d  and meas- 
u r e d  power i n p u t s  l e d  t o  t h e  c o n c l u s i o n  
t h a t  most of  t h e  p u b l i s h e d  d a t a  are t a k e n  
i n  s i t u a t i o n s  where t r a n s i t i o n  t o  s u p e r -  
s o n i c  v e l o c i t i e s  t a k e s  p l a c e  o u t s i d e  t h e  
e n g i n e ;  i n  s u c h  s i t u a t i o n s ,  t h e  p o s s i b i l i t y  
of  g a s  e n t r a i n m e n t  e x i s t s  and t h e  e f f e c t i v e  
and me te red  mass f low r a t e s  a r e  n o t  neces -  
s a r i  l y  e q u a l .  
1. I n t r o d u c t i o n  
. I n  a r e c e n t  r ev iew a r t i c l e ,  Nerheim and 
Ke l ly1  s t r e s s e d  t h e  l i m i t e d  p r o g r e s s  t h a t  
was made i n  u n d e r s t a n d i n g  t h e  t h r u s t  mech- 
anism and i n  d e f i n i n g  t h e  p r o p e r  test  en -  
vironment  f o r  MPD arcs .  T h i s  s i t u a t i o n  is 
due ma in ly  t o  t h e  l a c k  o f  un i fo rm and de -  
t a i l e d  d i a g n o s t i c  measu remen t s ,  e s p e c i a l l y  
w i t h i n  t h e  e n g i n e  i t s e l f ,  and t o  t h e  com- 
p l e x i t y  of  t h e  a n a l y t i c a l  p rob lem.  
Because most of t h e  u n c e r t a i n t i e s  seem 
t o  be  a s s o c i a t e d  w i t h  l o w  mass f l o w  de-  
v i c e s ,  t h e  c a l c u l a t i o n s  p r e s e n t e d  h e r e ,  
which are b a s e d  on a q u a s i  one -d imens iona l  
model,  are c a r r i e d  o u t  f o r  l o w  m a s s  f l ow 
r a t e s .  The g o v e r n i n g  e q u a t i o n s  are t h e  
c o n s e r v a t i o n  e q u a t i o n s  of mass, momentum, 
and e n e r g y  o f  t h e  v a r i o u s  plasma c o n s t i t u -  
e n t s 2 ;  t h u s ,  t h e  a n a l y s i s  t a k e s  i n t o  con- 
s i d e r a t i o n  an e l e c t r o n  t e m p e r a t u r e  d i f f e r -  
e n t  from t h e  g a s  t e m p e r a t u r e ,  i o n  s l i p ,  
f i n i t e  i o n i z a t i o n  r a t e s ,  and h e a t  loss .  The 
geometry and magne t i c  f i e l d  d i s t r i b u t i o n  
are t h o s e  of  R e f .  3 which a r e  t y p i c a l  of  
e x i s t i n g  d e v i c e s .  
I n  t h e  MPD a rc ,  t h e  p r o p e l l a n t  e n t e r s  
a t  low s u b s o n i c  v e l o c i t i e s  and somewhere 
w i t h i n  o r  o u t s i d e  t h e  d e v i c e  t h e  Mach num- 
b e r  becomes s u p e r s o n i c .  Thus any  realis-  
t i c  model must cope w i t h  t h e  problem o f  
c a r r y i n g  t h e  i n t e g r a t i o n  t h r o u g h  t h e  s o n i c  
s i n g u l a r i t y .  S i n c e  t h e  s o n i c  p o i n t  is a 
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s a d d l e  p o i n t ,  n u m e r i c a l  i n t e g r a t i o n  t h r o u g h  
s u c h  a p o i n t  is v e r y  c o m p l i c a t e d ,  e s p e c i -  
a l l y  when t h e  e l e c t r o n  t e m p e r a t u r e  is  d i f -  
f e r e n t  from t h e  gas t e m p e r a t u r e .  
The c o m p l e x i t y  of  t h e  a n a l y t i c a l  model is 
d u e ,  i n  p a r t ,  t o  t h e  n a t u r e  of  t h e  s o n i c  
s i n g u l a r i t y .  I n  t h i s  work a method h a s  been  
found whereby one c a n  remove s u c h  a s i n g u -  
l a r i t y .  T h i s  is  a c h i e v e d  by u t i l i z i n g  t h e  
momentum and e n e r g y  f l u x e s ,  i n s t e a d  o f  t h e  
v e l o c i t y  and t e m p e r a t u r e ,  a s  t h e  dependen t  
v a r i a b l e s .  
The m a g n e t i c  f i e l d  d i s t r i b u t i o n  g i v e n  i n  
R e f .  3 is l i m i t e d  t o  a r a n g e  of  a b o u t  two 
anode d i a m e t e r s  downstream of t h e  e x i t  p l a n e .  
Because  o f  t h i s ,  t h e  c a l c u l a t i o n s  p r e s e n t e d  
h e r e  were t e r m i n a t e d  a t  a p p r o x i m a t e l y  t h e  
same d i s t a n c e .  Comparison w i t h  t h e  meas- 
u remen t s  of  R e f .  3 shows t h a t  t h e  c a l c u l a t e d  
e l e c t r o n  t e m p e r a t u r e  a g r e e s  w e l l  w i t h  e x -  
p e r i m e n t ;  however ,  t h e  v e l o c i t i e s  are under-  
e s t i m a t e d  by a f a c t o r  of  a b o u t  2. 
2. F o r m u l a t i o n  o f  t h e  Problem 
A .  Q u a l i t a t i v e  F o r m u l a t i o n  
S i n c e  a one -d imens iona l  model is employed 
t o  a n a l y z e  t h e  f l o w  i n  t h e  geometry shown i n  
F i g .  1, i t  would be d e s i r a b l e ,  as a f i r s t  
s t e p ,  t o  r eca l l  some o f  t h e  p e r t i n e n t  re- 
s u l t s  o f  t h e  one -d imens iona l  c o m p r e s s i b l e  
f l o w  t h e o r y 4  i n  t h e  v a r i a b l e  area d u c t s .  The 
f i r s t - c o n c e r n s  f l o w  w i t h  h e a t  a d d i t i o n ;  when 
h e a t  is  added t o  a f low i n  a v a r i a b l e  area 
d u c t ,  t h e  s o n i c  v e l o c i t y  o c c u r s  somewhere i n  
t h e  d i v e r g e n t  s e c t i o n .  T h i s  means t h a t  i n  
t h e  MPD arc,awhere power is b e i n g  added a t  
t h e  ra te  of  j . E  p e r  u n i t  volume, t h e  assump- 
t i o n  t h a t  t h e  s o n i c  v e l o c i t y  o c c u r s  a t  t h e  
t h r o a t  is n o t  v a l i d . 5  A l s o ,  h e a t i n g  accele- 
rates a s u b s o n i c  f low and d e c e l e r a t e s  a 
s u p e r s o n i c  f l o w .  
The second  r e s u l t  c o n c e r n s  t h e  i n t e r p r e -  
t a t i o n  o f  t h e  e x p e r i m e n t a l  d a t a ;  i f  t h e  e x i t  
v e l o c i t y  is s o n i c  o r  s u p e r s o n i c ,  a d i s t u r b -  
a n c e  o u t s i d e  t h e  d u c t  c a n n o t  i n f l u e n c e  t h e  
f low w i t h i n  t h e  d u c t .  The above r e s u l t  i m -  
p l i e s  t h a t ,  i f  t h e  t a n k  p r e s s u r e  i s  below a 
c e r t a i n  c r i t i c a l  v a l u e  which r e s u l t s  i n  a 
s o n i c  o r  s u p e r s o n i c  e x i t ,  t h e  t h r u s t  s h o u l d  
be i n d e p e n d e n t  of  t h e  t e s t  e n v i r o n m e n t .  I f ,  
on t h e  o t h e r  hand,  t h e  t h r u s t  v a r i e s  w i t h  
t h e  t a n k  p r e s s u r e ,  t h e n  t h i s  would imply 
t h a t  t h e  e x i t  Mach number is s u b s o n i c .  
I n  t h i s  work ,  t h e  motion o f  t h e  v a r i o u s  
s p e c i e s  i s  r e f e r r e d  t o  t h e  c e n t e r  of  mass;  
t h u s  t h e  Mach number and s o n i c  v e l o c i t y  re- 
f e r  t o  t h e  mean m o t i o n .  Fo r  smooth t r a n s i -  
t i o n  from s u b s o n i c  t o  s y p g r s o n i c ,  t h e  com- 
b i n e d  i n f l u e n c e  of  t h e  j x B  f o r c e  and area 
change  must ou twe igh  t h e  n e t  power i n p u t  
i 
i n t o  , t h e  arc. Using r e p r e s e n t a t i v e  v a l u e s  
o f  G o w e r  i n p u t s  and magne t i c  f i e l d  s t r e n g t h s  
and t y p i c a l  g e o m e t r i e s  one  f i n d s  t h a t ,  i n  
,+ the  a b s e n c e  o f  l o s s e s ,  t h e  i n f l u e n c e  o f  t h e  
power d e n s i t y  f a r  ou twe ighs  t h a t  o f  area 
chznge  znd body f o r c e .  Thus ,  one  is tempt-  
e d  t o  c o n c l u d e  t h a t  t h e  maximum Mach number 
w i t h i n  t h e  e n g i n e  is u n i t y .  T h i s ,  however, 
may n o t  b e  t h e  case because  w a l l  losses and 
t h e  f a c t  t h a t  n o t  a l l  t h e  power is  added 
w i t h i n  t h e  e n g i n e  may b e  s u c h  t h a t  a t r a n s i -  
t i o n  t o  s u p e r s o n i c  v e l o c i t i e s  c a n  t a k e  place 
w i t h i n  t h e  e n g i n e .  
Because i t  is n o t  p o s s i b l e  t o  i n f e r  t h e  
l o c a t i o n  o f  t h e  s o n i c  p o i n t  from a v a i l a b l e  
e x p e r i m e n t a l  d a t a ,  a v a r i e t y  o f  models  f o r  
t h e  MPD arcs  are e x p l o r e d  h e r e .  Thus ,  f o r  
a g i v e n  geomet ry ,  magne t i c  f i e l d  d i s t r i b u -  
t i o n ,  mass f low r a t e ,  and t o t a l  c u r r e n t ,  the 
f i r s t  model assumes t h a t  power a d d i t i o n  
t a k e s  p l a c e  w i t h i n  t h e  e n g i n e  o n l y .  O u t s i d e  
t h e  e n g i n e ,  i t  is assumed t h a t  t h e  plasma 
is  m a g n e t i c a l l y  c o n t a i n e d .  A wide  r ange  of 
e n t r a n c e  c o n d i t i o n s  w a s  i n v e s t i g a t e d  and it  
w a s  found t h a t ,  i n  t h e  a b s e n c e  o f  losses 
( o t h e r  t h a n  r a d i a t i o n ) ,  t h e  c a l c u l a t e d  pow- 
e r  d e n s i t y  w a s  such  t h a t  t h e  maximum Mach 
number a t t a i n e d  w i t h i n  t h e  e l e c t r o d e  r e g i o n  
was u n i t y .  A c a l c u l a t i o n  o f  t h e  t o t a l  pow- 
e r  i n p u t  showed t h a t  i t  w a s  a small  f r a c -  
t i o n  of  t h e  e x p e r i m e n t a l l y  r e p o r t e d  v a l u e s  
and t h i s  r e s u l t e d  i n  a x i a l  v e l o c i t i e s  much 
below t h o s e  measured e x p e r i m e n t a l l y .  Thus ,  
i t  w a s  conc luded  t h a t  s u c h  a model c a n n o t  
approx ima te  t h e  b e h a v i o r  of  t y p i c a l  M P D  
a rcs .  
E x p e r i m e n t a l  and t h e o r e t i c a l  e v i d e n c e  
s u g g e s t s  t h a t  i n  most cases l a r g e  c u r r e n t s  
and p o t e n t i a l  g r a d i e n t s  e x i s t  i n  t h e  plume 
and t h a t  l o s s e s  r e p r e s e n t  a s i g n i f i c a n t  
f r a c t i o n  o f  t h e  power i n p u t .  Thus ,  a r e p -  
r e s e n t a t i v e  one  -d imens iona l  model s h o u l d  a l -  
low f o r  t h e  e x i s t e n c e  o f  a v i r t u a l  anode  
e x t e n d i n g  downstream of  t h e  e n g i n e ,  and pow- 
e r  l o s s e s .  The shape  and e x t e n t  of  s u c h  a 
v i r t u a l  anode  and t h e  magni tude  of  t h e  power 
loss c a n n o t ,  however ,  be de te rmined  from 
one -d imens iona l  c o n s i d e r a t i o n s  and some a s -  
sumptions m u s t  be  i n t r o d u c e d .  
The second  model employed h e r e  assumes 
t h a t  o u t s i d e  t h e  e l e c t r o d e  r e g i o n  t h e  p l a s -  
m a  is m a g n e t i c a l l y  c o n t a i n e d  and t h e  v i r t u -  
a l  anode c o i n c i d e s  w i t h  t h e  m a g n e t i c  n o z z l e .  
I t  s h o u l d  b e  n o t e d  t h a t ,  . w i t h i n  t h e  frame- 
work of one -d imens iona l  t h e o r y ,  s u c h  a n  as- 
sumpt ion  d o e s  n o t  p rede te rmine  t h e  accelera- 
t i o n  mechanism. To s p e c i f y  t h e  e x t e n t  Of 
t h e  v i r t u a l  anode ,  one  needs  t o  s p e c i f y  t h e  
power i n p u t ;  t h e  v i r t u a l  anode e x t e n d s  t o  
t h e  p o i n t  where t h e  computed power i n p u t  
e q u a l s  t h e  s p e c i f i e d  power i n p u t .  Beyond 
t h i s  p o i n t ,  i t  is assumed t h a t  no e n e r g y  is 
added t o  t h e  p lasma.  The power l o s s  i n  t h e  
s u p e r s o n i c  r e g i o n  was chosen  i n  s u c h  a way 
as  t o  e n s u r e  an i n c r e a s i n g  Mach number. In 
t h e  s u b s o n i c  r e g i o n ,  t h e  power l o s s  w a s  as- 
sumed t o  b e  some f r a c t i o n  o f  t h e  t o t a l  pow- 
e r .  
B .  A n a l y t i c a l  F o r m u l a t i o n  
The a n a l y s i s  is based  o n  t h e  c o n s e r v a t i o n  
e q u a t i o n s  of a s i n g l y  i o n i z e d  monatomic gas .2 
For  s t e a d y  f l o w ,  t h e  s p e c i e s  c o n t i n u i t y  equa-  
t i o n  c a n  b e  w r i t t e n  as  
A - L  
where n , v , V,, and R a re  number d e n s i t y ,  
mean an% d i 2 f u s i o n  v e l o 2 i t y ,  and p r o d u c t i o n  
rate i n  p a r t i c l e s / x o l u m e  of s p e c i e s  s ,  r e -  
s p e c t i v e l y ,  w h i l e  v is t h e  mean v e l o c i t y  o f  
t h e  e n t i r e  m i x t u r e .  The o v e r - a l l  c o n t i n u i t y  
e q u a t i o n  is  o b t a i n e d  b y  m u l t i p l y i n g  E q .  ( 1 )  
by ms, and summing, 
where ms is t h e  p a r t i c l e  mass o f  s p e c i e s  s .  
For  t h e  plasma unde r  c o n s i d e r a t i o n ,  t h e  dom- 
i n a n t  i o n i z a t i o n  r e a c t i o n  is  
A + e 4 A+ + e + e .  
Opposing t h i s  is t h e  r e c o m b i n a t i o n  r e a c t i o n ,  
A+ + e +e--, A + e ,  
where A d e n o t e s  an  atom, A+ an  i o n ,  and e an  
e l e c t r o n .  Based on  t h e s e  r e a c t i o n s ,  
n 
(3 1 
n j n g  
Re = R .  1 = -R a = ( nena - 7)  f (T,)
where 
= "( 2nm ; kTe )3'2 exp(- I /kTe)  
ga  
( 4 )  
x exp(-€/kTe)Q(E)SdS (5) 
where g i , g  
ground s ta tes  o f  t h e  i o n s  and a toms ,  k ,  t h e  
Boltzmann c o n s t a n t ;  h ,  P l a n c k ' s  c o n s t a n t ;  I ,  
t h e  f i r s t  i o n i z a t i o n  p o t e n t i a l ;  Te,  t h e  elec- 
t r o n  t e m p e r a t u r e ;  and Q is  t h e  i o n i z a t i o n  
cross s e c t i o n .  
a r e  t h e  d e g e n e r a c i e s  of  t h e  
I n  a one -d imens iona l  a n a l y s i s ,  where w a l l  
e f f e c t s  are n e g l e c t e d ,  t h e  c o n t r i b u t i o n  t o  
t h e  number f l u x  from d i f f u s i o n ,  nsVS, is usu- 
a l l y  n e g l e c t e d .  When t h e  r e s u l t i n g  e q u a t i o n  
is combined w i t h  Eq. (2), one  o b t a i n s  
(6) 
where Q is t h e  d e g r e e  o f  i o n i z a t i o n  d e f i n e d  
A 
nv .vu  = Ri , n = r n s  
by 
, na = ( l - a ) n  ( 7 )  ne = ni = a 
and n i s  t h e  number d e n s i t y  o f  t h e  n u c l e i  
The momentum e q u a t i o n s  g i v e ,  i n  a d d i t i o n  
t o  t h e  mean v e l o c i t i e s ,  t h e  i o n  and e l e c t r o n  
c u r r e n t  d e n s i t i e s .  I f  t h e  v i s c o u s  stresses 
are n e g l e c t e d ,  t h e  o v e r - a l l  momentum equa-  
t i o n  can  b e  e x p r e s s e d  as 
D$ . A 2  
P - d t  + VP = j x B ,  P = cPs = yknsTs 
2 
where P ,  7,  and B d e n o t e ,  r e s p e c t i v e l y ,  t h e  
p r e s s u r e ,  c u r r e n t  d e n s i t y ,  and magne t i c  
f i e l d  s t r e n g t h .  The e x p r e s s i o n s  d e r i v e d  by 
Cowling7 f o r  t h e  i o n  c u r r e n t  d e n s i t y  and t h e  
2 
t o t a l  c u r r e n t  d e n s i t y  are employea h e r e .  
Assuming t h a t  c o l l i s i o n  c r o s s  s e c t i o n s  o f  
c h a r g e d  p a r t i c l e s  are much l a r g e r  t h a n  cross 
s e c t i o n s  of  c o l l i s i o n s  i n v o l v i n g  n e u t r a l  
a toms t h e  c u r r e n t  d e n s i t i e s  c a n  b e  w r i t t e n  
as  
and 
w i t h  
2 .a A A  E* = E + V x B ,  bo = nee T i e / m e ,  uiS = eB/ms 
where and Z s t  d e n o t e  t h e  e l e c t r i c  f i e l d  
and d i f f u s i o n  c r o s s  s e c t i o n ,  r e s p e c t i v e l y .  
Three  e n e r g y  e q u a t i o n s  are  needed t o  de-- 
t e r m i n e  t h e  e l e c t r o n ,  i o n ,  and n e u t r a l  t e m -  
p e r a t u r e s .  However, s i n c e  t h e  mass o f  t h e  
atom i s  a l m o s t  e q u a l  t o  t h e  m a s s  of  t h e  i o n ,  
t h e  a s sumpt ion  is u s u a l l y  made t h a t  t h e  i o n  
and n e u t r a l  t e m p e r a t u r e s  are e q u a l .  Thus ,  
two e n e r g y  e q u a t i o n s  are needed and t h e s e  
w i l l  be chosen  as  t h e  o v e r - a l l  e n e r g y  equa -  
t i o n  . 
and t h e  e l e c t r o n  ene rgy  e q u a t i o n ,  
where 
H = -[ 1 5  rknsTs + I n e ] ,  
P Z  
( 1 3 )  
pehe = 5 kneTe + Ine 
and 
f l u x  v e c t o r s ,  r e s p e c t i v e l y .  
and Ge are t h e  t o t a l  and e l e c t r o n  h e a t  
The one -d imens iona l  e q u a t i o n s  are o b t a i n -  
e d  from t h e  above e q u a t i o n s  by l e t t i n g  
E x p r e s s i o n s  f o r  t h e  v a r i o u s  c o l l i s i o n  
c r o s s  s e c t i o n s  and t h e  r a d i a t i v e  h e a t  l o s s  
a re  d i s c u s s e d  n e x t .  The i o n - e l e c t r o n  c r o s s  
s e c t i o n  i s  o b t a i n e d  by  assuming t h a t  c h a r g e d  
p a r t i c l e s ’  c o l l i s i o n s  f o l l o w  Coulomb’s law.  
3 
I n  t h i s  case, t h e  r e s u l x i n g  e x p r e s s i o n  ‘de- 
pends on t h e  c u t - o f f  d i s t a n c n .  Using S p i t -  
zer’s8 s u g g e s t i o n ,  one  c a n  w r i t s  f o r  a rgo i ; .  
zie = 2.96~10-16~1;2 
4. 
x Cn:3.441~10~(82/n,)l/~], c m 2  ( 1 5 )  
where 
eS = kTs/I ( 1 6 )  
The ion-atom c o l l i s i o n  c r o s s  s e c t i o n  was c a l -  
c u l a t e d  from C r a m e r ’ s g  d a t a .  
e x p r e s s i o n  f o r  a r g o n  c a n  b e  r e p r e s e n t e d  as  
The r e s u l t i n g  
Zia  = 1 6 . 3 8 3 ~ 1 0 - ’ ~ { 1  - rO.1302 
-9 .648x10q2 t n ( 7  .88gi  ) 1 
x c n ( 7 . 8 8 e i > ] ,  c m 2  ( 1 7 )  
Fo l lowing  Pe t schok  and Byron”, t h ?  i o n i z a -  
t i o n  c r o s s  s e c t i o n  is assumer! t o  have t h e  
r e p r e s e n t a t i o n ,  
Q ( c )  = a e a ( c - I ) ,  
aea = 4 . 3 7 5 ~ 1 0 - 6 ,  cm2/erg ( 1 8 )  
The r e s u l t i n g  e x p r e s s i o n  f o r  f(T,) i s  i n  good 
agreement  w i t h  t h a t  o b t a i n e d  by L i n l l  u s i n g  
t a b u l a t e d  d a t a  i n  M a s s e y  and B u r h o p l 2 .  
The q u a n t i t i e s ,  0.; and v . &  r e p r e s e n t  
t h e  h e a t  l o s s  byAconductiZn,v.@, and V*dec 
and r a d i a t i o n  v * q R  and V.qeR. For  a n  op- 
t i c a l l y  t h i n  p l a sma ,  a n  e x p r e s s i o n  f o r  t h e  
r a d i a t i o n  h e a t  f l u x  w a s  g i v e n  by L i n l l :  
2. a 
v . q R  = v.qeR = IRC(a/l-u)L1 + 1 ~ ~ 3  ( 1 9 )  
w h e r e ,  f o r  a r g o n  
L~ = i . 647x1o-6 ( i+2ee ) -1  e x p ( l / e e ) { l  
L2 = 0 .49  exp(0.3/8,)  ( 2 0 )  
+ i .ozo61-e;~ + 3 + 6ee ( i+8 , ) ]}  
and 7 is  a number between zero and 1 ;  t h e  
z e r o  v a l u e  c o r r e s p o n d s  t o  t h e  case o f  a d e n s e  
g a s  a t  low d e g r e e  o f  i o n i z a t i o n  w h i l e  t h e  
u n i t y  c o r r e s p o n d s  t o  t h e  case of  a h i g h l y  
r a r e f i e d  g a s  a t  h i g h  d e g r e e  o f  i o n i z a t i o n .  
I n  t h e  c a l c u l a t i o n  r e p o r t e d  h e r e ,  7 is chospn 
as  0.6. 
t o  c a l c u l a t e  t h e  f l o w  f i e l d ,  c u r r e n t  den- 
s i t i e s  and t h e  components o f  t h e  e lectr ic  
f i e l d  f o r  a g i v e n  c u r r e n t  ( o r  v o l t a g e ) ,  mass 
f l o w  rate and m a g n e t i c  f i e l d  d i s t r i b u t i o n .  
To r e l a t e  t h e  t o t a l  c u r r p n t  t o  t h e  c u r r e n t  
d e n s i t i e s ,  a n  i n t e g r a t e d  form o f  t h e  c h a r g e  
c o n s e r v a t i o n  e q u a t i o n ,  
I n  problems of  d i s c h a r g e s ,  i t  is d e s i r e d  
(21 )  
a 
V - j  = 0 
w i l l  be employed.  I f  R d e s i g n a t e s  t h e  r a d i -  
u s  of t h e  anode a t  x = 8,  R c ,  t h e  r a d i u s  of  
t h e  c a t h o d e ,  and x = x p  d e n o t e s t h e  t i p  o f  t h e  
c a t h o d e ,  t h e n  from F i g .  1 and Eq. ( 2 1 ) ,  one  
c a n  ivri te A = A o [ l  + (x / a I2 ]3 /2 .  
from t h e  c o n s i d e r a t i o n  t h a t  when x = x 
Thus , 
A, is de te rmined  
A = A,, where ' e '  d e n o t e s  e x i t  c o n d i t i o n s .  e ,  
where  
JT = J ,  A, = n R Z ,  x 2 xo 
where J is t h e  t o t a l  c u r r e n t  and 4. is  some 
c o n s t a n t .  Us ing  Eqs .  (9 )  and ( 1 4 ) ,  i t  is 
s e e n  t h a t  Eq .  ( 2 2 )  g i v e s  a r e l a t i o n  between 
E, and E,. 
d i m e n s i o n a l  t h e o r y ,  no a d d i t i o n a l  r e l a t i o n s  
be tween Ex and E, c a n  b e  o b t a i n e d  and ,  
t h e r e f o r e ,  some a s s u m p t i o n s  must b e  i n t r o -  
duced .  I t  s h o u l d  be p o i n t e d  o u t  t h a t  t h e  
problem is  p e c u l i a r  t o  v a r i a b l e  area de-  
v i c e s  and d o e s  n o t  a r i se  when the .  area i s  
c o n s t a n t  b e c a u s e  Ex=O.  
I n  t h e  p r e s e n t  a n a l y s i s ,  d i f f e r e n t  meth- 
o d s  are employed t o  estimate Ex and E,. The 
f i r s t  assumes t h a t  e i t h e r  Ex o r  E, i s  z e r o .  
The second  d e r i v e s  an  approx ima te  r e l a t i o n  
be tween E, and R r  from t h e  c o n s i d e r a t i o n  
t h a t  b o t h  t h e  anode  and c a t h o d e  are con-  
s t a n t  p o t e n t i a l  l i n e s .  Thus ,  s i n c e  
W i t h i n  t h e  framework o f  one-  
dV = (aV/aX)dX + ( a V / a r ) d r  = -Exdx-Erdr 
one  may w r i t e ,  a p p r o x i m a t e l y ,  
E, = -Er(dR/dx) (23 1 
where R d e s i g n a t e s  t h e  r a d i u s  o f  t h e  c a t h -  
ode  or  anode .  I t  s h o u l d  be no ted  t h a t  E q .  
(23 )  is n o t  v a l i d  across t h e  d e v i c e .  The 
t h i r d  method assumes  t h a t  t h e  v o l t a g e  is 
g i v e n ;  t h i s  g i v e s  a n  a d d i t i o n a l  r e l a t i o n s h i p  
between E, and E,. T h e r e  is a lways  t h e  pos- 
s i b i l i t y  o f  assuming t h a t  one  of  t h e  c u r -  
r e n t  d e n s i t i e s  is zero.  Such p o s s i b i l i t y ,  
however ,  w a s  n o t  i n v e s t i g a t e d  h e r e .  
The f i r s t  and  second  p r o c e d u r e s  r e s u l t ,  
f o r  a g i v e n  t o t a l  c u r r e n t ,  i n  a v o l t a g e  t h a t  
v a r i e s  w i t h  t h e  a x i a l  d i s t a n c e .  A l so ,  i n  
s u c h  cases,  one  c a n n o t  p r e d i c t  t h e  e x t e n t  
o f  t h e  power i n p u t  r e g i o n  because  t h e  t o t a l  
power i n p u t  is n o t  g i v e n .  These  d i f f i c u l -  
t i e s  do  n o t  a r i s e  when b o t h  t h e  v o l t a g e  and 
t o t a l  c u r r e n t  are g i v e n .  
I t  is assumed h e r e  t h a t  t h e  plasma is  
m a g n e t i c a l l y  c o n t a i n e d  o u t s i d e  t h e  e n g i n e .  
The s h a p e  o f  t h e  magne t i c  n o z z l e  c a n ,  i n  
p r i n c i p l e ,  be c a l c u l a t e d  from t h e  magne t i c  
f i e l d  d i s t r i b u t i o n  g i v e n  i n  Ref .  3 ;  however ,  
t h e  Br measurements  are n o t  d e t a i l e d  enough 
o u t s i d e  t h e  n o z z l e .  Because o f  t h i s ,  t h e  
s h a p e  o f  t h e  magne t i c  n o z z l e  is o b t a i n e d  
from c o n s i d e r a t i o n s  s imilar  t o  t h o s e  g i v e n  
in R e f .  13. From t h e  r e q u i r e m e n t  t h a t  
s - d r  
t h r o u g h  t h e  n o z z l e  be c o n s t a n t ,  o n e  con-  
c l u d e s  t h a t  B e  1 / A .  I f  i t  is f u r t h e r  as- 
sumed t h a t  t h e  magne t i c  f i e l d  is produced 
by a s i n g l e  c o i l  o f  r a d i u s  ' a '  so  t h a t ,  
a l o n g  t h e  a x i s ,  B . C  [ l  + (x /a )$] -3 /2 ;  hence ,  
(24) 
Thus ,  t h e  m a g n e t i c  f i e l d  d i s t r i b u t i o n  
employed is t h a t  o f  Re f .  3 f o r  Bx ,  and for 
Br i n s i d e  t h e  n o z z l e .  O u t s i d e  t h e  n o z z l e ,  
Br  is d e t e r m i n e d  from t h e  e q u a t i o n  
Br/Bx = dRm/dx 
where Rm is  t h e  r a d i u s  o f  t h e  magne t i c  noz- 
z l e  which  c a n  be c a l c u l a t e d  from Eq. ( 2 4 ) .  
3 .  R e s u l t s  and D i s c u s s i o n  
The c a l c u l a t i o n s  w e r e  c a r r i e d  o u t  f o r  ar-  
gon u s i n g  t h e  geometry shown i n  F i g .  1. The 
mass f low ra te  and t o t a l  c u r r e n t  yere chosen  
as 0 .02  g / s e c  and 450 amps, r e s p e c t i v e l y ,  C 
i n  Eq. (22 )  w a s  chosen  as 3 ,  and t h e  i n i t i a l  
p r e s s u r e  w a s  assumed t o  b e  0.33 mm o f  m e r -  
c u r y .  
s t r e n g t h ,  and mass f low r a t e ,  one  does  n o t  
have enough i n f o r m a t i o n  t o  c a l c u l a t e  b o t h  
E, and E? .  The t h r e e  cases d i s c u s s e d  h e r e  
were: ( 1 )  Er=O,  ExfO; ( i i )  Ex=O,  E r # O ;  and 
( i i i )  E, rn -Er(dR/dx). Two s e t s  o f  c a l c u l a -  
t i o n s  were c a r r i e d  o u t  f o r  each  o f  t h e  above 
cases. AIn tqe f i r s t  s e t ,  i t  w a s  assumed 
t h a t  V.qc=V-qe,c=O, M = 1  o c c u r s  a t  t h e  n o z z l e  
e x i t ,  and no power is added i n  t h e  plume. 
The second  set  assumes t h a t  
F o r  a g i v e n  t o t a l  c u r r e n t ,  magne t i c  f i e l d  
where ,  i n  t h e  s u b s o n i c  r e g i o n ,  E is a g i v e n  
c o n s t a n t ,  and i n  t h e  s u p e r s o n i c  r e g i o n ,  E is 
s e l e c t e d  i n  s u c h  a way so as  t o  i n s u r e  a n  i n -  
c r e a s i n g  Mach number. I n  t h i s  case, t h e  lo- 
c a t i o n  o f  t h e  s o n i c  p o i n t  is n o t  known a 
p r i o r i ,  and a v i r t u a l  anode  is assumed so 
t h a t  power is added i n  t h e  plume. 
T y p i c a l  r e s u l t s  f o r  case ( i ) ,  i . e . ,  Er=9,  
ExfO,  u s i n g  t h e  above c o m p u t a t i o n a l  schemes 
are shown i n  F i g s .  2-4.  The c u r v e s  l a b e l l e d  
e = e i = l  r e f e r s  t o  t h e  case of  z e r o  c o n d u c t i o n  
l o s s e s  w h i l e  t h e  c u r v e  l a b e l l e d  e i = l  i n d i -  
cates t h a t  c o n d u c t i o n  l o s s e s  i n  t h e  s u b s o n i c  
r e g i o n  are zero.  The c u t - o f f  p o i n t  i n  t h e s e  
f i g u r e s  c o r r e s p o n d s  t o  t h e  l o c a t i o n  where Ti 
is abou t  109°C.  Comparison o f  t h e s e  r e s u l t s  
w i t h  t h e  measurements  of  R e f .  3 shows t h a t  
e l e c t r o n  t e m p e r a t u r e  p r e d i c t i o n s  are i n  good 
agreement  w i t h  expe r imen t  b u t  t h e  v e l o c i t y  
is  u n d e r p r e d i c t e d  by a f a c t o r  o f  about  3 ;  
an  e l e c t r o n  t e m p e r a t u r e  of  30,000"K t o  
40,000"K and a v e l o c i t y  of 12 ,000  m/sec were 
measured i n  R e f .  3 .  F i g u r e  5 compares  t h e  
a x i a l  v e l o c i t y  f o r  c a s e s  ( i )  and ( i i i )  w i t h  
dR/dx based  on t h e  anode d i a m e t e r .  I t  i s  
s e e n  t h a t  t h p r e  i s  a s l i g h t  i n c r e a s e  i n  t h e  
a x i a l  v e l o c i t y  when b o t h  components o f  t h e  
e lectr ic  f i e l d  are  no t  z e r o .  The r e s u l t s  
f o r  c a s e  ( i i i )  a l s o  i n d i c a t e  a h i g h e r  r o t a -  
t i o n a l  v e l o c i t y  b u t  a lower  e l e c t r o n  t e m -  
4 
p e r a t u r e .  No improvement i n  t h e  a x i a l  ve- 
l o c i t y  was n o t i c e d  when t h e  c a l c u l a t i o n s  
were c a r r i e d  o u t  f o r  c a s e  ( i i ) .  I n  a l l  of  
t h e  above c a l c u l a t i o n s ,  t h e  a c t u a l  power 
s u p p l i e d  t o  t h e  arc  was of  t h e  o r d e r  of 0 . 6  
KW; t h i s  is r e s p o n s i b l e  f o r  t h e  l o w  a x i a l  
v e l o c i t i e s .  
The o t h e r  a l t e r n a t i v e  t o  t h e  above ap- 
p roach  is t o  assume a g i v e n  v o l t a g e .  The 
measured v o l t a g e  i s  abou t  45 v o l t s .  Be-  
c a u s e  MPD arcs c a n  o p e r a t e  i n  more t h a n  one 
v o l t a g e  mod9l4 P 15, t h e  c a l c u l a t i o n s  were 
c a r r i e d  o u t  f o r  v o l t a g e s  o f  45 and 20 v o l t s .  
F i g u r e s  6-8 compare t h e  a x i a l  v e l o c i t y ,  r o -  
t a t i o n a l  v e l o c i t y ,  and degree  of  i o n i z a t i o n  
f o r  t h e  two v o l t a g e s ,  and F i g .  9 compares 
t h e  a x i a l  v e l o c i t i e s  f o r  v a r i o u s  v a l u e s  of  
E i n  t h e  s u b s o n i c  r e g i o n .  From t h e s e  f i g -  
u r e s  i t  i s  s e e n  t h a t  t h e  d e g r e e  of i o n i z a -  
t i o n  and a x i a l  v e l o c i t y  a r e  h i g h e r  f o r  t h e  
2 0 - v o l t  c a s e  and t h e  a x i a l  v e l o c i t y  i n c r e a s -  
es w i t h  a d e c r e a s e  i n  C i ,  which is t h e  v a l -  
ue of E i n  t h e  s u b s o n i c  r e g i o n .  ( F u r t h e r  
d e c r e a s e  i n  o i  r e s u l t s  i n  s u b s o n i c  f low 
t h r o u g h o u t . )  F o r  t h e  c a s e s  i n v e s t i g a t e d ,  
t h e  a c t u a l  power i n p u t  was i n  t h e  r a n g e  of 
0 . 6 - 1 . 1  kW. 
The above r e s u l t s  f o l l o w  from t h e  con- 
s i d e r a t i o n  t h a t ,  f o r  e f f i c i e n t  h e a t i n g  and 
i o n i z a t i o n ,  t h e  flow must be s u b s o n i c .  Thus 
t h e  h i g h e r  a x i a l  v e l o c i t i e s  and d?grees  of 
i o n i z a t i o n  are c h a r a c t e r i z e d  by a d e l a y e d  
t r a n s i t i o n  t o  s u p e r s o n i c  v e l o c i t i e s  and more 
power g o i n g  i n t o  t h e  a rc .  
l l l though t h e  d e l a y  i n  t r a n s i t i o n  t o  s u -  
p e r s o n i c  v e l o c i t i e s  h a s  a l a r g e  i n f l u e n c e  
on t h e  a x i a l  v e l o c i t y ,  d e g r e e  of  i o n i z a t i o n ,  
and e f f i c i e n c y ,  t h e  r o t a t i o n a l  v e l o c i t y  
seems t o  be i n f l u e n c e d  :nore by t h e  v a l u e  of  
E,. T h u s ,  f o r  t h e  c a s e  where X . - 9 ,  ExfO, 
t h e  r o t a t i o n a l  v e l o c i t y  w a s  i n s i g n i f i c a n t ;  
w h i l e  f o r  t h e  case where E, was n o t  z e r o ,  
t h e  r o t a t i o n a l  v e l o c i t y  was a l a r g e  f r a c -  
t i o n  o f  t h e  a x i a l  v e l o c i t y .  I n  g n n e r a l ,  t h e  
r o t a t i o n a l  v e l o c i t i e s  w i l l  n o t  behave a s  
i n d i c a t e d  i n  F i g .  7 because  of t h e  expec tod  
c o n v e r s i o n  of r o t a t i o n  i n t o  a x i a l  motion.  
I f  one assumes t h a t  t h e  r o t a t i o n a l  e n e r g y  
is c o n v e r t e d  i n t o  a x i a l  mo t ion ,  t h e  r e s u l t -  
i n g  v e l o c i t y  is abou t  6000 m/sec o r  h a l f  
t h e  v e l o c i t y  measured i n  Ref .  3 .  
x -  
The c a l c u l a t i o n s  a l s 6  i n d i c a t e  t h a t  t h e  
c u r r e n t  d e n s i t i e s  have a peak i n  t h e  n e i g h -  
borhood of  t h e  c a t h o d e  t i p ;  however,  t h e y  
d o  n o t  e x h i b i t  any  unusua l  b e h a v i o r  i n  t h e  
t r a n s o n i c  r e g i o n 5 .  I n  g e n e r a l ,  t h e  H a l l  
c u r r e n t  d e n s i t i e s  were less t h a n  a x i a l  and 
r a d i a l  c u r r e n t  d e n s i t i e s .  a r e s u l t  which is 
i n  agreement  w i t h  Powers: measurements.  
Fo r  a l l  t h e  c a s e s  c o n s i d e r e d  i n  t h i s  i n -  
v e s t i g a t i o n ,  t h e  power i n p u t  up t o  t h e  p o i n t  
where t h e  c a l c u l a t i o n s  were t e r m i n a t e d  d i d  
n o t  cxceed 4 KV'; t h i s  is  much less t h a n  e x -  
p e r i m e n t a l l y  de t e rmined  v a l u e s .  T h i s  d i s -  
c r e p a n c y  i n  t h e  power i n p u t ,  which is  re- 
s p o n s i b l e  f o r  t h e  a x i a l  v e l o c i t y  b e i n g  o f f  
by a f a c t o r  of 2 t o  3 ,  may be a r e s u l t  of 
t h e  f o l l o w i n g  f a c t o r s .  The f i r s t  is t h e  
n e g l e c t  of  s econd  i o n i z a t i o n ;  however,  d e -  
5 
g r e e s  of i o n i z a t i o n  c a l c u l a t e d  d i d  n o t  k x -  
ceed 25%, and f o r  s u c h  v a l u e s  t h e  second 4 
i o n i z a t i o n  is n o t  expec ted  t o  be  impor t an t . \  
The second is  t h a t  t h e  w a l l  l o s s e s  are more '* 
t h a n  h a s  been assumed h e r e ;  t h i s  would re- 
s u l t  i n  h i g h e r  power i n p u t s  and d e l a y e d  
t r a n s i t i o n  t o  s u p e r s o n i c  v e l o c i t i e s .  Based 
on t h e  c a l c u l a t i o n s  c a r r i e d  h e r e ,  t h e  t r a n -  
s i t i o n  would have t o  t a k e  p l a c s  o u t s i d e  t h e  
n o z z l e .  I n  s u c h  a c a s e ,  t h e  p o s s i b i l i t y  o f  
g a s  e n t r a i n m e n t  e x i s t s  and t h e  e f f e c t i v e  
and me te red  m w i l l  be d i f f e r e n t .  T h u s ,  
t h e r e  is a d i s t i n c t  p o s s i b i l i t y  t h a t  t h e  ac- 
t u a l  f low ra tes  a r e  h i g h e r  t h a n  me te red  f l o w  
ra tes .  An i n c r e a s e d  m a s s  f l ow rate c a n  
p a r t i a l l y  a c c o u n t  f o r  t h e  d i s c r e p a n c y  be -  
c a u s e  more power is needed t o  b r i n g  a b o u t  
t r a n s i t i o n  t o  s u p e r s o n i c  v e l o c i t i e s .  
4 .  Conc lud ing  Remarks. 
The r e s u l t s  o f  t h e  c a l c u l a t i o n s  p o i n t  t o  
t h e  c o n c l u s i o n  t h a t  most o f  t h e  p u b l i s h e d  
d a t a  on MPD a r c s  r e f e r  t o  s i t u a t i o n s  where 
t r a n s i t i o n  t o  s u p e r s o n i c  v e l o c i t i e s  t a k e s  
p l a c e  o u t s i d e  t h e  e n g i n e .  I f  t h i s  is t h e  
case,  t h e n  a t h r e e - d i m e n s i o n a l  model would 
be  needed t o  e x p l a i n  t h e  p u b l i s h e d  d a t a .  
The r e s u l t s  a l s o  s u g g e s t  t h a t  improved p e r -  
formance c a n  r e s u l t  i f  t r a n s i t i o n  t o  s u p e r -  
s o n i c  v e l o c i t i e s  is d e l a y e d .  On t h e  o t h e r  
hand ,  t o  avo id  any u n c e r t a i n t i e s  r e g a r d i n g  
t h e  f low rate  and t o  r e d u c e  e n t r a i n m e n t ,  
t h e  t r a n s i t i o n  t o  s u p e r s o n i c  v e l o c i t i e s  
s h o u l d  t a k e  p l a c e  w i t h i n  t h e  n o z z l e .  The 
d e s i g n  t h a t  meets b o t h  o f  t h e s e  r e q u i r e -  
ments  is t h s  one where t h c  s o n i c  v e l o c i t y  
o c c u r s  a t  t h e  e x i t .  
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